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Abstract 

A quantum mechanical description of black hole states proposed recently 
within non-perturbative quantum gravity is used to study the emission and 
absorption spectra of quantum black holes. We assume that the probabil- 
ity distribution of states of the quantum black hole is given by the "area" 
canonical ensemble, in which the horizon area is used instead of energy, and 
use Fermi's golden rule to find the line intensities. For a non-rotating black 
hole, we study the absorption and emission of s- waves considering a special 
set of emission lines. To find the line intensities we use an analogy between a 
microscopic state of the black hole and a state of the gas of atoms. 
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I. INTRODUCTION 



Progress has recently been made within non-perturbative quantum gravity in under- 
standing how one can describe states of black holes quantum mechanically [Q^j]. In this 
description the black hole horizon is treated as an interior spacetime boundary where cer- 
tain boundary conditions, motivated by the geometrical properties of black hole solutions, 
are imposed. The standard techniques of loop quantum gravity can then be applied, with 
appropriate modifications required by the presence of the boundary. The degrees of freedom 
associated with the black hole then turn out to be described by Chern-Simons theory on the 
boundary (see 0,0] )■ 

In the present paper we use this description to study emission and absorption processes 
by quantum black holes. At the outset, we wish to point out our analysis is not complete; at 
some points we use heuristic arguments and make certain plausible assumptions. However, 
to some extent our assumptions are supported by the final results. 

The description of black hole states proposed within non-perturbative quantum gravity 
realizes in a rather explicit fashion an old heuristic idea that dates back to early works of 
Bekenstein (for a recent reference see ||): a quantum black hole is seen as an 'atom' with 
a lot of internal microstates. A detailed description of these microstates will be given in 
the following section. However, to motivate certain constructions that follow, let us present 
a simple heuristic description already at this stage. In non-perturbative quantum gravity 
spatial quantum geometry, i.e., the quantum geometry "at a given time" is described by the 
so-called cylindrical states. A cylindrical quantum state is labelled by a graph in space. The 
edges of this graph have a simple heuristic interpretation of the flux lines of the gravitational 
field: one can think of the gravitational field (metric tensor) as being concentrated along 
these edges, similarly as one can think of the usual electric field of Maxwell theory as being 
concentrated along Faraday's lines of electric force. A black hole or, more precisely, the 
black hole horizon "at a given time" is described as a two-surface that may be pierced by 
the gravitational flux lines. The flux lines excite certain surface degrees of freedom, which 
are responsible for the black hole entropy (see Fig. la). 

A black hole state is specified by giving a configuration of the flux lines piercing the 
horizon, and by describing a quantum state of the surface degrees of freedom. A very 
convenient basis of quantum states is given by eigenstates of the operator measuring the 
horizon area. For such an eigenstate each flux line piercing the horizon is labelled by a 
quantum number: spin j. The area comes from intersections of the flux lines with the 
surface: each flux line intersecting the surface contributes an area proportional to \Jj(j + 1) 
(see (§)). Let us denote any one of the area eigenstates by States |T) are going to play 
the key role in what follows. Consider a quantum process in which the black hole jumps 
from a state |T) to state |r'), such that the horizon area changes. This, for example, can 
be a process in which one of the flux lines piercing the horizon breaks, with one of the ends 
falling into the black hole and the other escaping to infinity (see Fig. lb). This is an example 
of the emission process; the two ends of the flux line can be thought of as the two particle 
anti-particle quanta in Hawking's original picture of the black hole evaporation. 

It is not hard to find the energy of a particle that is emitted. Let us denote by A(M) the 
dependence of the horizon area of the quantum black hole on its mass M (for simplicity we 
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FIG. 1. (a) The flux lines of gravitational field pierce the black hole horizon and excite curvature 
degrees of freedom on the surface. The curvature degrees of freedom, described by Chern-Simons 
theory, account for the black hole entropy in our approach; (b) An example of the emission process 
in which one of the flux lines breaks, with one of the ends falling into the black hole and the other 
escaping to infinity. 

consider a non-rotating uncharged black hole), and by AMrr' the change of the black hole 
mass in the emission process. The quantity AMrr' should also be equal to the energy of the 
particle emitted when it reaches infinity. Then for small area changes AArr> the energy of 
the particle emitted is equal to 



For simplicity let us consider the case when the particle emitted is massless. Then its energy 
AMrr' is related with its frequency urv via Planck's formula AMrr' = TujJtt 1 - One can also 
consider the case when the particle emitted carries an angular momentum. Then the angular 
momentum of the particle is equal to the angular momentum lost by the black hole, and the 
relation (|l[) must be modified by replacing the derivative with respect to M by the partial 
derivative with the black hole angular momentum fixed. Similarly one can consider the 
emission of charged particles. 

As we already mentioned, the spectrum A[T] of the area is purely discrete in our quantum 
theory. Thus, the black hole spectrum is discrete: possible transitions r — > V correspond 
to discrete emission lines in the spectrum. However, this by itself does not imply that 
the black hole spectrum is essentially different from the thermal spectrum predicted by 
the semiclassical considerations. Indeed, as is argued in [[jj], quantum fluctuations may 
smear out the discrete lines in the emission spectrum, which would result in an effectively 
continuous spectrum. Although the non-commutativity of certain geometrical operators 
suggests that this is indeed the case in the theory under consideration, this issue is 
far from being settled. Thus, in this paper, we simply try to find the properties of the 
discrete emission spectrum, leaving the problem of determining whether the spectrum indeed 
becomes effectively continuous to further research. 

To determine the line intensities and, therefore, the form of the emission spectrum, we, 
motivated by the "atomic" picture of the black hole, use Fermi's golden rule. According to 
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this rule, the probability of a transition r — > V with a quantum of radiation being emitted 
is given by 

W T ^ T , = — \V tv ,\ 2 5{uj - ur r ,) —— 3 , (2) 

where Vrr' is the matrix element of the part of the Hamiltonian of the system that is 
responsible for the transition. For brevity, we suppress the dependence of this matrix element 
on initial and final states of the quantum field describing the radiation. Quantity dQ in (0) 
is the element of the solid angle in the direction of the quantum emitted, and cj-pv is the 
frequency of the quantum. We put c = 1 throughout the paper. The total energy dl 
emitted by the system per unit time in transitions of this particular type can be obtained 
by multiplying the above probability by hu> and by the probability p(T) to find the system 
in the initial state |T) 

dI(T -> T) = hup(T) ^ \V rr ,\ 2 5(uj - UTT>)^^ (3) 

Thus, to find the emission spectrum, one has to know the probability distribution p(T) of 
the black hole over states and the matrix elements |Vrr'| of the Hamiltonian responsible 
for transitions. However, as we know from the numerous examples from statistical mechanics, 
it usually happens that the general form of the spectrum is determined by the probability 
distribution over states and by such qualitative aspects of the dynamics as selection rules 
for quantum transitions. Usually only the fine details of the spectrum depend on the precise 
form of the matrix elements of the Hamiltonian. In this paper we try to learn as much 
as possible about the black hole emission spectrum without specifying the details of the 
quantum dynamics, using just the information provided by the kinematics of the theory. 
As we shall see, it is indeed possible to determine the general form of the spectrum just 
by knowing the probability distribution p(T) and by analyzing certain kinematical selection 
rules. 

As the statistical distribution p(T) we use the one given by the "area" canonical ensemble 
||. Namely, we take the probability p(T) to find the system in a quantum state T to be 
p(r) oc exp (— a>l[r]), where A[T] is the "quantum" area of the black hole in the state T, 
and a is a real positive parameter, playing the role of the quantity conjugate to the area. 
Some properties of this statistical ensemble are reviewed in the Appendix A. In particular, 
as we discuss in the appendix, the problem of calculation of the black hole entropy S can 
be reduced to the problem of calculation of the entropy in this statistical ensemble. It turns 
out that large black holes correspond to the values of a close to certain critical value a. The 
same critical value a determines the proportionality coefficient between the entropy and the 
area: S = a. A. Thus, for large black holes, the relevant values of the parameter a are the 
ones close to the critical value a, and the probability distribution of states is given by: 

p(r) cx e~ aA[T \ (4) 

where, as we have said above, at coincides with the proportionality coefficient between the 
entropy and the area S = aA. It is clear that this probability distribution is quite natural 
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in the context of black holes. Indeed, (|J) simply states that the probability to find the black 
hole in a state T is proportional to exp (— S), where S is the entropy of the black hole of the 
horizon area A[T}. Thus, if one replaces 5* by the logarithm of the corresponding number 
iV of available states, then @ becomes the ordinary microcanonical ensemble distribution: 
p(r) oc 1/N, in other words, all states T whose area is close to A have equal probability 
1/N, where N is the total number of such states. 

The probability distribution (|]) is quite reminiscent of the usual canonical ensemble. 
Thus, as the standard statistical mechanical argument guarantees that the emission spectrum 
of any system described by the canonical ensemble is thermal, one could expect the same 
standard argument to guarantee the thermal character of the emission spectrum in our case. 
Unfortunately, one cannot refer directly to this argument because the area in used in (|J) 
instead of energy. A minor modification of the argument is necessary in order to make 
it applicable to the area canonical ensemble. We give such a modified argument in the 
Appendix B. 

Thus, as we show in the appendix, our choice of the probability distribution guarantees 
that the mean number n^ m of emitted quanta in the mode of frequency ui and angular 
momentum quantum numbers I, m is given by 



where 

1 ( dS 



T \dM 

is the thermodynamical temperature of the black hole, 



(6) 

j 



hoj := Koj — VtnTirn, 



and T w i m is the absorption probability of the black hole in the mode culm. To avoid con- 
fusion, let us note that the absorption probability is different from the so-called absorption 
cross-section a abs and is related to the later according to ( |B5| ). Thus, with our choice of 
the probability distribution, the black hole emission spectrum is guaranteed to be thermal 
in the sense that it has the form independently of details of the microscopic dynam- 
ics. Moreover, as we show in the Appendix C, our choice of the probability distribution 
guarantees the correct (T 2 ) dependence of the luminosity of a non-rotating black hole on its 
temperature. This also holds independently of the black hole microscopies. 

Thus, it might seem that all of the properties of the black hole emission spectrum are 
correctly reproduced as soon as one uses a correct statistical ensemble, and that this holds no 
matter what is the microscopic description.^ This conclusion, however, would not be correct. 



It is interesting to note that traditional methods of statistical mechanics can even be used to prove 
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Recall that the ordinary, classical black hole is known to have a very special dependence 
of the absorption cross-section on the quantum numbers of the particle being absorbed. In 
particular, cr^ s (u) for a Schwarzschild black hole is very small for large angular momentum 
HI, that is for l/GM ^> uj. Also, for the absorption of the minimal coupled scalar field, 
the absorption cross-section of s- waves a^ s (uj) is approximately constant and equal to the 
horizon area for all u that matter in (Rl) (see, for example, [IT]). Also, the absorption 



cross-section a a b s (uj) is a smooth function of the frequency. Only when these (and other) 
properties are accounted for by a microscopic description can one be satisfied with this 
description. Thus, details of the microscopic dynamics become important when one studies 
properties of the black hole absorption cross-section. One could worry, for example, that 
the quantum mechanical description of the black hole, although giving a thermal emission 
spectrum in the above sense, does not reproduce correctly the dependence of the absorption 
coefficient on the quantum numbers u, I etc. Also, because the space of states is discrete, 
one could worry that the absorption properties of the quantum black hole will be similar to 
those of an atom, that is, that the absorption spectrum will consist of distinct lines. This 
would correspond to the absorption coefficient very different from the one predicted by the 
classical theory. 

In this paper we make a first step towards investigation of the properties of the black hole 
absorption cross-section as predicted by the non-perturbative quantum gravity approach. 
More precisely, we study the emission and absorption of s- waves by a non-rotating, uncharged 
black hole. In order to be able to use the standard technology from statistical mechanics, 
we restrict our attention to a special set of lines in the emission spectrum. This allows us 
to use an analogy between the quantum states of black holes and the states of a gas of 
atoms. Although our results concern the most uninteresting (however the most dominant 
in the absorption) case of s-waves, the reader should bear in mind that this paper is a first 
attempt to study the emission-absorption properties of black holes within the approach of 
non-perturbative quantum gravity. 

The paper is organized as follows. In Sec. [ITj we describe in some details the quantum 
states of black holes. Sec. pj is devoted to the study of the spectrum. We study the emission 
and absorption of s-waves by considering a special set of lines in the emission spectrum. 



II. QUANTUM STATES 

A description of quantum states is now available for various types of non-rotating black 
holes and it is expected that the main features will be carried over to the rotating case. 
Let us first describe the quantum states of an uncharged, non-rotating black hole, and then 
make some comments as to the rotating case, (for details see [|lj,3). Let B be the intersection 
of the black hole horizon with a spatial hypersurface; B has the topology of a 2-sphere. A 



the validity of the generalized second law for the radiating black hole |1C]. Thus, a lot of properties 
of black holes can be accounted for on the basis of simple statistical mechanics by assuming an 
"atomic" internal structure. Somewhat surprisingly, this holds independently of details of this 
structure. 
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state, in particular, is defined by a set of points pi, . . . ,p n on B labelled by spins j p . In what 
follows the points on B labelled by spins are referred to as punctures. Each set 

^ _ {jpi 1 • • • 1 jpn } 

of punctures gives rise to a Hilbert space 7i-p of quantum states of the connection on B, 
the connection describing the effective black hole degrees of freedom. A black hole state is 
defined by: (i) a set V of punctures on £>; (ii) a vector from the Hilbert space 7i-p. The 
dimension of Ti-p, for a large number of punctures, grows as 

dimftp- n( 2 ^ + 1 ) (8) 



The quantum states described are eigenstates of the operator |12] measuring the area of 



B. Given a state defined by a set V of punctures the corresponding eigenvalue of the area 
operator is 



8tt?7 E \/Jp(J p + ^, (9) 

where l p is the Planck length and 7 is the so-called Immirzi parameter that arises due to a 
quantization ambiguity, as is discussed in |13|]. Given a black hole with horizon area A one 



can introduce the statistical mechanical entropy S of the black hole, defined as the logarithm 
of the number of different quantum states that have an area eigenvalue within the interval 
of width 1^ about A. One obtains 

(10) 

where 70 is a numerical constant 70 ~ 0.12. As we have mentioned above, the same value 
for the entropy can be obtained by considering the "area" canonical ensemble, defined by 
the probability distribution (f|) (see the Appendix A for details). 

A detailed picture of quantum states for a rotating black hole is not yet available. Thus, 
we will not treat rotating black holes in the main body of the paper. The only place 
where rotating black holes are dealt with is the Appendix B, where the thermal character 
of the emission spectrum from a general rotating charged black hole is discussed. For the 
purposes of that discussion we shall make here a minor assumption about the rotating black 
hole states. Namely, we assume that the rotating black hole can be described by quantum 
states similar to those discussed above, i.e., that among the quantum states describing the 
black hole, there are ones that are eigenstates of both the area and the angular momentum 
operators. We assume that the area spectrum is still given by (§), and denote the angular 
momentum eigenvalues by J[T]. We will not need any further assumptions about these 
quantum states. 



III. SPECTRUM 

We restrict our consideration to uncharged, non-rotating black holes, for which a com- 
plete microscopic description of states is available, as was described above. This description 
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is used here to deduce some properties of the absorption cross-section for such black holes. 
Our results also provide a somewhat interesting picture of "atoms" of surface geometry. 
This section heavily uses the details of the microscopic description of states. 

To introduce our main physical idea let us heuristically think of punctures on B as 
"atoms" of surface geometry. According to @ each atom gives a contribution to the area 
of B that depends on its spin j p . Thus, we say that atoms can reside in different quantum 
states, which are labelled by the quantum number j p . Then, just as real atoms can jump 
from one excited state to another emitting quanta of radiation, our atoms can undergo 
transitions in which spin j p changes, thus changing the horizon surface area of black hole 
and emitting radiation. 

We assume that in the process of evolution described by an appropriate Hamiltonian 
operator, individual atoms jump from one quantum state to another, and the line intensities 
are given by Fermi's formula. We consider here only emission processes involving just a single 
atom; as we shall see, this simplifies the whole discussion considerably. Note, however, that 
in this way we will be able to analyze only a part of the emission spectrum. To get the 
complete spectrum one should consider processes involving simultaneously any number of 
atoms. We believe, however, that the results we obtain for this simplified case give one an 
important insight on what can be expected in the more general situation. Indeed, on general 
grounds one might expect that transitions involving simultaneously more than one puncture 
are much less probable and that, therefore, the transitions we consider here determine the 
form of the spectrum. 

The probability of a transition involving just a single atom is then given by the expression 
(0), with V being a part of the quantum Hamiltonian responsible for the transitions of this 
type. The intensity of a line is given by (^), with the labels T, V of the initial and final states 
being replaced by initial and final spins j,j' of the atom involved in the transition. Since the 
final state is (2j'+ 1) degenerate, one should also multiply the intensity (|3|) by the degeneracy. 
Because we are using the analogy between a state of the black hole and a state of the gas of 
atoms, it is natural to replace the probability p(T) in (Q), (|3]) by the number rij of atoms in 
the initial state T that are in one and the same state j. The function rij(A), which gives the 
number rij of "atoms" excited to the level j among all the "atoms" that compose a black 
hole of given area A, is introduced, and its properties are discussed in the Appendix A. This 
function is analogous to the occupation number in the statistical mechanical treatment of 
the harmonic oscilator. Similarly to the case of the harmonic oscilator, the thermal character 
of radiation in our case comes from the properties of the function rij(A). 

In the simplest case of the absorption of s- waves, the final state of the field describing the 
radiation is spherically symmetric. Thus, one can integrate out the angular dependence in 
(H). Let us denote the corresponding integral of the squared absolute value of the transition 
matrix element by $jj>- Let us also absorb in $ all constant unimportant factors. To get 
rid of the 5-function in ([|) one integrates over du. Thus, the intensity of the line j — > j 1 



becomes 




(12) 



(11) 
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Note that we have multiplied the whole expression by 2j' + 1, which is the degeneracy of 
the final state. The latter formula is what one obtains from ([!]) considering transitions that 
change only one puncture. Here Aj = 8irlpjJ~j(j + 1). 

The expression (|TTJ) is the desired formula for the emission line intensity. Knowing 
the matrix elements of the transition Hamiltonian one could immediately calculate the in- 
tensities of all the lines in the emission spectrum. It is interesting, however, that some 
information about the overall form of the spectrum can be obtained even without knowing 
the Hamiltonian. 

We are interested in getting the spectrum of a large black hole, that is a black hole whose 
horizon area is large in Planck units. As we discuss in the Appendix A, most of the area of 
a large black hole is due to the contribution from atoms whose spin j = 1/2. This is, for 
example, manifested by the fact that ni/2{A) — > oo as A — > oo, while all other occupation 
numbers rij remain finite. An implication of this fact for the emission-absorption spectrum 
is that the lines corresponding to transitions to and from j = 1/2 are most intensive, for 
a large black hole by far more intensive then any other lines. For emission spectrum, for 
example, this would mean that there is effectively only one intense emission line 1/2 — >• 0, 
and all other lines are of negligible intensity as compared with this one. Of course, such a 
spectrum is very far from thermal one. Note that this would not be in a contradiction with 
the general result (B7f). Indeed, the spectrum in this case is still of the form (|B7| ), but the 
absorption coefficient is distributional and picked at a single frequency. 

It turns out, however, that the line 1/2 — > is forbidden by selection rules. And, as we 
shall see, with this line removed from the spectrum, the remaining lines form a spectrum 
close to thermal. The selection rule forbidding the line 1/2 — > is independent of the 
details of the Hamiltonian describing the system. It arises because of the requirement of 
gauge invariance. As we have said above, a quantum state of black hole is described by 
a collection of spins labelling the punctures and by a state of Chern-Simons theory on 
the punctured horizon surface. For state of Chern-Simons theory to exist, one condition 
should be satisfied by the spins labelling the punctures. Namely, the decomposition into 
irreducible representations of the tensor product of representations labelling the punctures 
should contain the trivial representation. In fact, the multiplicity of the trivial representation 
is exactly the dimension (§) of the Hilbert space of Chern-Simons theory. Translated on the 
language of spins labelling the punctures, this condition states that the (algebraic) sum of 
all spins should be an integer. Only such configurations of spins correspond to black hole 
states. Let us now return to the transition 1/2 — > 0. If the initial state of the black hole is 
such that the sum of all spins gives an integer, then the state obtained after this transition 
does not satisfy this condition. Thus, the transition 1/2 — > should be forbidden. 

Since the transitions from j = 1/2 —>■ j = are forbidden, we have to deal only with with 
j = 1 and higher. For these values of spins j the expression for rij (A) simplifies. Indeed, as 
we discuss in the Appendix A, large black holes correspond to values of a very close to a, 
the later being the proportionality coefficient between the entropy and the area. Thus, for 
j > 1/2, the occupation number rij in the limit of large A becomes independent of the area 
and approximately equal to rij (a). It is not hard to find its asymptotic behavior for large j: 

rijKje-**'. (13) 

Note that this is a function of j only. 
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After these preliminaries, we can begin the discussion of properties of the spectrum. To 
find the emission spectrum I(u>) one has to find the energy I emitted per frequency interval 
as a function of frequency uj. Let us note that the relations flTT|), ([12]) have the form 

/(./•-/) 4rf^J-f) ill) 
^ = WJX (15) 

where fi(j,j') = rijQjji(2j' + 1), / 2 = &(Aj — Af) are functions of j,f only Here T is the 
thermodynamical temperature of the black hole (](]). To find the total intensity of the 
radiation emitted as a function of frequency, one has to divide the frequency range of interest 
into small intervals, and sum the intensities of all lines that belong to each particular interval. 
Then the relations fll4|), (p~5|) can be thought of as giving the parametric dependence of / 
on hu/T (the parameters being j, f). Thus, we find that I{uj) depends on the frequency u 
only in the combination hu/T 

I = I(huj/T). 

It is not hard to find the properties of this function in the two limiting cases huo/T — > 
0, huo/T — > oo. Indeed, the presence of uo 3 in (|1^) guarantees that / — > as huo/T — > 0. On 
the other hand, one can use the asymptotics (|T3|) of rij to determine the behavior of / for 
large frequencies. Indeed, the most intensive line with frequency uo (for large huo/T) is the 
one corresponding to the transition j(uo) — > 0, where 

Tiu/T = aAj(u). 

The intensity of this line is proportional to exp — aAj^ = exp — huo/T. The other, less 
intensive lines with the same frequency correspond to transitions j{uj)+k — > k; their intensity 
is exp —aAk less. Summing the intensities of all these lines, one gets the asymptotics of the 
emission intensity for large frequencies: 

oc exp ^- , (16) 

where T is the thermodynamical temperature (|6|) of the black hole. In other words, we find 
that the emission spectrum behaves at high frequencies as the Planck thermal spectrum 
of the temperature T. 

Of course, it is not surprising that we found some properties of the thermal spectrum. 
Indeed, recall that the general results of the Appendix guarantee that the intensity / of the 
radiation emitted in s-waves must have the form 

e wr _ \ > ( 17 ) 

where the absorption cross-section cr^ s is a function of Tiui/T. Thus, the behavior of / 
for large and small frequencies that we have demonstrated above could have been derived 
directly from the general result (|T7|). However, the analysis we just presented allows one 
to learn more about the emission spectrum then just its general form (|TTD. Note that (111 
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still does not guarantee that the emission spectrum is close to that of a black hole. It can 
still happen that the absorption a a b s is very different from the one predicted by the classical 
theory. Indeed, from the classical theory we know that a^ s (u) is approximately constant for 
frequencies that matter in (|T7|). It could happen that the absorption cross-section predicted 
by the quantum theory is different. 

To test the dependence of a^ s on lu, we present a result of calculation performed with 
formula ([TT]) . We choose transition matrix elements in the simplest possible way. Namely, 
we take Vjf to be independent of jj', and assume that no transitions to the state j = 
are allowed, thus treating the state j = 1/2 as the 'ground' state. In particular, this 
automatically takes into account the selection rule that forbids the transitions j — 1/2 — > 
j = 0. The corresponding spectrum is shown in FIG. 2. The first plot shows lines with their 
intensities computed via (|11|). Each line is shown as an impulse at a point on the hou/T 
axis. The height of an impulse represents the intensity of the line. We are interested in line 
intensities only up to an overall multiplicative factor; thus, no units are shown on the y-axis. 
The second plot shows the total intensity I{uj) as a function of frequency. To get I{u) here 
we divided the frequency range into small intervals and added the intensities of all the lines 
belonging to the same interval. Although the emission occurs only at certain frequencies, 
the enveloping curve of the spectrum is perfectly thermal, as is clear from the second plot. 
This means that, although the absorption coefficient is distributional, its non-zero value is 
approximately constant for the whole range of frequencies, in agreement with the classical 
theory. Note that the total intensity decreases exponentially as exp (—hu/T) (second plot), 
in accordance with our conclusion above. The notable fine structure of emission lines (first 
plot) also deserves attention. Thus, to the extent the naive model described is correct, the 
properties of the absorption cross-section reproduce those of the classical black hole. It 
would be much more interesting, however, to try to compute the absorption cross-section of 
s- waves exactly and compare it with the classical expression (the horizon area). We hope to 
perform a calculation to this effect in the future. 

Several comments are in order, (i) It is instructive to compare the results we have 
obtained with the results of Bekenstein and Mukhanov ||. Using a simple model of quantum 
states of the black hole they found that the emission spectrum consists of discrete lines with 
the intensity of high frequency lines exponentially damped as in the thermal spectrum. 
Their model also predicted that the smallest frequency emission line is approximately the 
one with the largest intensity, thus the spectrum being very different in form from the 
thermal one. In contrast, the spectrum we have found is much closer in form to the thermal 
spectrum, (ii) Let us compare our results with the results on the black hole emission- 
absorption spectra obtained using the microscopic description based on D-branes ^M. The 
two descriptions are similar in the sense that both describe black holes as composed of some 
elementary fundamental building blocks: the flux lines of gravitational field as "atoms" of 
geometry in our picture, and D-branes in the string picture. In both cases thermality is 
a result of averaging over a large number of microscopic states. Thus, our approach gives 
the same answer to the question of information loss as string theory. There are important 
differences, however. Unlike the case of string theory, our description is not sypersymmetric 
and works entirely in four spacetime dimensions. Because of this, the black holes whose 
description is still problematic in string theory, such as non-rotating, uncharged black holes 
in four dimensions, are the ones that are easiest to describe in our framework. Also, our 
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FIG. 2. Emission lines with their intensities (above) and the total intensity of the radiation 
emitted per frequency interval as a function of frequency (below). 

approach is more geometric, the black hole degrees of freedom "live" in our approach on 
the black hole horizon. Thus our approach directly accounts for the black hole entropy as 
being proportional to the area. In string theory description, it is harder to see "where" the 
degrees of freedom of the black hole "live", and the area of the horizon plays no role, the 
black hole entropy being thought of as a function of mass and other charges. Thus, the two 
approaches are complimentary more than contradicting. We must admit, however, that the 
string description of black holes gives results that precisely agree with the results that follow 
from semi-classical considerations. The results of our approach are so far more modest, 
the agreement with the semi-classical results being reached only at a qualitative level, (hi) 
Although we have found that the spectrum is discrete, it may be the case that the discrete 
lines in the emission spectrum get smeared out by quantum fluctuations, as it was argued 
for in [[F]|§. Thus, our results by themselves do not imply that the black hole spectrum in 
loop quantum gravity is discrete. Further work is necessary to understand implications of 
the quantum fluctuations of the black hole horizon for the emission spectrum, (iv) One has 
to keep in mind that only the transitions involving one atom were considered. It is known 
fT5] , [T6H that one obtains a quasi-continuous spectrum considering transitions involving an 
arbitrary number of punctures. Thus, another possibility is that the discrete spectrum we 
have found is only a part of a complete quasi-continuous emission spectrum of the quantum 
black hole. It might be, however, that the transitions involving simultaneously many atoms 
are highly suppressed (or forbidden) as compared with the one-atom transitions. Thus, the 
dynamics of the theory may be such that the lines analyzed in this paper are the most 
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intensive ones, determining the form of the emission spectrum. However, certainly a more 
quantitative argument in support of this is necessary. 
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APPENDIX A: AREA CANONICAL ENSEMBLE 

In this appendix we introduce the 'area' canonical ensemble and discuss some of 
its properties. Let us introduce a parameter a, which will be referred to as the intensive 
parameter conjugate to the area, and consider the following function of a, the statistical 
sum 

Q(a) = Y,e~ aA[r] . (Al) 
r 

Thus, this is a Gibbs-type statistical ensemble; however, the area is used instead of energy. 
Knowing the statistical sum Q(a) as a function of intensive parameter one can find all other 
thermodynamical functions using the standard thermodynamical relations. In particular, 
the dependence S(A) of the entropy on the area can be deduced from the dependence of the 
expectation value of the area A(a) and the entropy S(a) on the parameter a: 

%) = E«r] = -^ (A2) 

S( a ) = 5>[r] \np[T] = aA(a) + lnQ(a), (A3) 
r 

where 

p[r] = ^e-^l. (A4) 

This then gives a parametric dependence of 5* on A. 

In the particular case of the states T given by those described in the Sec. |TJ, the statistical 
sum Q(a) can be easily calculated: 

TT ? 1-, (A5) 



where Aj = ^IpJyjU + 1)- The factors of (2j + 1) appear here because each "atom" state 
is (2j + 1) degenerate. One can then find the following expression for the mean value A(a) 
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where n,j(a) is given by 



A(a)= £ A jnj (a), (A6) 

4=1/2 



(2j + l)e-»^ 

n,-(a) = : : -T-. A7 



This function plays an important role in our discussion of the properties of the emission 
spectrum in Sec. |T|. It is easy to see that each function plays the role of the mean 

number of punctures that have the spin j. According to (|A2|) , a controls the mean value of 
the black hole area. Thus, one can use A instead of a as the argument of nj. The function 
rij(a(A)) then, given the black hole horizon area, tells how many there are atoms excited to 
the level j among all the atoms that compose the black hole. 

Some interesting properties of the "area" canonical ensemble can be derived from the 
properties of nj. Note that rij(a) is finite for all j for sufficiently large a. However, as a 
decreases, which corresponds to the increase in the "temperature" in this ensemble, for the 
value a = ln2/Ax/2 of a the denominator of 711/2(0:) becomes zero. Thus, as a approaches 
the value a, the occupation number nx/2 — > oo, with all other occupation numbers remaining 
finite. Correspondingly, the physical quantities such as the area and entropy diverge in the 
limit a — > a. Formally, this corresponds to a phase transition in our statistical ensemble. 
The reason for this phase transition is the fact that density of states grows linearly with the 
area. Indeed, it is not hard to show that the phase transition of the type described occurs in 
the "area" statistical ensemble if and only if the density of states grows exponentially with 
the area. An analogous phase transition is known to occur for ordinary statistical systems 
described by the Gibbs ensemble, for which the density of states grows exponentially with 
the energy. Thus, the fact that the physical quantities such as A, S become large as a 
approaches the critical value at imply the linear dependence of the entropy on the area for 
large areas: S = aA. The same expression for the entropy can be obtained by a simple 
counting of states. This supports the validity of the usage of the "area" canonical ensemble. 
Let us also note that, because n.1/2 — > oo as A — > oo, for large areas most of the "atoms" in 
the ensemble are in the state with j = 1/2. This last fact is important in our discussion of 
the properties of the spectrum in Sec. |T|. 

Several comments are in order, (i) It is interesting to note that, while the usual energy 
canonical ensemble is not applicable to description of black holes, the "area" canonical 
ensemble is. We do not know whether there is any deep physical significance behind this 
fact. It might simply be that the "area" canonical ensemble is a relevant description for 
systems whose density of states grows linearly with the area. Note, however, that the 
probability distribution p[T] given by the "area" canonical ensemble is also consistent with 
the properties of the black hole radiation. Indeed, as is shown in the next Appendix, 
this probability distribution guarantees the correct thermal properties of the black hole 
emission spectrum. Thus, the ensemble in which "energy squared" (area) is used instead 
of energy, which is quite a bizarre ensemble from the point of view of ordinary statistical 
mechanics, appears to be very suited for a description of black holes, (ii) Let us comment 
on a relation between the above "area" ensemble description of black holes and the path 
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integral description fl7|l . In the later approach, the statistical sum of a gravity system is 
found by summing (integrating) over Euclidean field configurations weighted with exp (— S), 
where S the Euclidean action functional evaluated on the corresponding field configuration. 
The field configurations that matter most in this path integral are given by the solutions 
of the classical field equations. In the context of asymptotically flat spacetimes, the "bulk" 
part of the action vanishes on the solutions, and the only contribution to the action comes 
from the boundary term. When evaluated on field configurations corresponding to Euclidean 
black holes, the boundary term renders always the value A/41 2 , where A is the black hole 
horizon area. This then results in the black hole entropy equal to A/41 2 . It might seem, 
that our prescription ( |A4| ) for the black hole statistical ensemble is inconsistent with the 
path integral approach, in which the statistical weight of any black hole spacetime is also 
given by exp —a A, but the parameter a is set to the constant value 1/41 2 and not allowed 
to vary. Note, however, that for large black holes, as we discussed above, the value of a 
in the "area" canonical ensemble is very close to the value a. In fact, \a — a\ ~ I 2 /A. 
But the value a is just the proportionality coefficient between the entropy and the area. 
Thus, for large black holes, the "area" canonical ensemble statistical distribution effectively 
reproduces the one of the path integral approach. In other words, for black holes that are 
large in Planck units, there is no inconsistency between the two approaches. This is the 
best one can expect: the two prescriptions agree in their domain of applicability. Indeed, 
the semiclassical path integral approach can only be trusted for large black holes, as well 
as the statistical mechanical description based on the "area" ensemble is applicable only to 
sufficiently complicated systems with a large number of internal states. 



APPENDIX B: THERMAL CHARACTER OF THE SPECTRUM 

In this appendix we show that, if the probability distribution of quantum states of the 
black hole is given by (|]), then the spontaneous emission spectrum is thermal in the sense 
that it has the form (^). We use the standard thermodynamical argument, which states that 
the emission spectrum of a system described by the canonical ensemble is thermal. However, 
in the case of black holes, we cannot refer to that argument directly because area is used 



instead of energy in (g). Our argument is somewhat similar to the one given in [J18 . 

Let us introduce the so-called Einstein coefficients. We denote by A u i m the coefficient 
of spontaneous emission in the mode culm. It is defined so that the mean population n wim 
of this mode due to spontaneous emission is exactly A w i m . We denote by -B^ m the Einstein 
coefficient of stimulated emission. It is defined in such a way that, if the number of incoming 
quanta in the mode ulm is k^im, then the population of this mode in the out-going radiation 
due to stimulated emission is B^^k^im- We denote by B^ wlm the Einstein coefficient of 
absorption. It is defined in such a way that, if the number of incoming quanta in the mode 
culm is k^im, then the fraction B^^k^im of this mode is absorbed by the system. For brevity, 
we will sometimes suppress the dependence of these coefficients on lu, I, m. 

We will first show that there exists a relation between the coefficients B+,B\ One can 
write the following expressions for the ratio of these coefficients 

(til) 



Bi Err'MHWW 
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where both sums are taken over T, V subject to the conditions utt = uj > 0, A Jpr = hm, 
and where p(T) is the probability (H). Now note that 

p(r) = e^^-^n p(V) = e f(H'r-^Aj r , r ) = e na/T p ^ ^ 

where the definitions (^), (0) were used to write the second and third identity. Thus, we 
have 

B i = e ^IT B \ (B3) 

where we have used the fact that Wr'-*r — Wr-^r'- 

We can now relate the coefficients B with the absorption probability V. The fraction of 
incoming radiation that is absorbed by the black hole consists of two parts: the part that 
is absorbed minus the part emitted in the processes of stimulated emission. Thus, we have 
for the absorption probability 

T = B l -B\ (B4) 

Note that the absorption probability V is different from the so-called absorption cross-section 
a a b s . The two are, however, related according to: 



7T 



Vabs(u) = J2 £ Yl ( B5 ) 

I 10 1=0 m 

where we have also introduced the so-called partial absorption cross-sections a^ b \. 

Let us now discuss a relation between the coefficients A, B\ which are not independent. 
Let us assume that the interaction of the black hole with the field describing the radiation 
quanta is linear, as it is the case, for example, for the interaction of an atom with electro- 
magnetic radiation. In this case one can use the standard formulas for the matrix elements 
of the creation and annihilation operators to conclude that the probability of emission of 
a quantum in a mode in which there are already k quanta is given by k + 1 times the 
probability of spontaneous emission in the same mode. This yields 

A = B\ (B6) 

Now, using the relations (|B3D-([B~6|), we can conclude: 



TT'Ljlm -™-ujlm ^hu)/T J ' \ / 

which is the well-known expression for the black hole radiation spectrum. 

The above argument is very general. To prove ( P7|) we have used only the assumption 
that the distribution of states is given by and the relation (fB6|) that holds for a large 
class of interaction Hamiltonians. This means that the thermal character of radiation from 
the quantum black hole is independent on the details of microscopic description as well as 
on the details of the quantum dynamics. It depends only on the form of the probability 
distribution describing the black hole. 
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APPENDIX C: LUMINOSITY 



In this appendix we restrict our attention to uncharged non-rotating black holes, and 
study the dependence of the total luminosity of the quantum black hole on its temperature. 
For a classical black hole, the emission is dominated by s-waves, for which the absorption 



cross-section is approximately equal to the horizon area (see, e.g. |0|). This gives the 
luminosity proportional to the squared black hole temperature. However, we cannot refer 
to this argument for the case of a quantum black hole, because no such property of the 
absorption cross-section in the quantum theory was established. Thus, we give a different, 
applicable to a quantum black hole argument to the same effect. 

The total luminosity is defined as amount of energy lost by the black hole per unit time. 
We show that the dependence of this on the black hole temperature is 

f~ r2 < C1 > 

As in the previous subsection, we find that this result is very general, that is, it is independent 
on the black hole microscopies. Also, as above, we consider only the emission due to massless 
quanta. 

For the rate with which the black hole looses its mass one has 

d 4- = £ r d ^Ku n T ^ , (C2) 

where we used the fact that the black hole is non-rotating Qjj = 0. Our key observation 
is that we get flCT| ) given that r^ m depends on u only in the combination Uuj/T. Indeed, 
in this case we can introduce the new integration variable Tiuj/T. Then ( |C2| ) is given by T 2 
times the expression that does not depend on the temperature anymore. Assuming that the 
luminosity is finite, we get (pl|). Note that this result will hold even if the absorption cross- 
section a is distributional, which we can expect for a black hole with a discrete spectrum. 

For a Schwarzschild black hole the absorption probability T is given by a relation similar 
to® 

T = B l -B^J2 b(r')WW - p(T)Wr^r>] , (C3) 
r,r' 

where the sum is taken over T, T' : u-[»r = Let us note now that terms in the sum in 
( P3|) depend solely on the quantum numbers labelling T, V: there is no dependence on the 
temperature of the black hole. The only place where the dependence on the temperature 
comes into play is the condition cj r / r = uj. To see this, let us rewrite this condition in terms 
of Av4rr' • Using (p]) we get 

huj = hujr'r = -jt AArr' = aT AArr, (C4) 

where we have used the definition of T (||) and the fact that S = aA. Thus, the condition 
on states T, T' involves u only in the combination uj/T. This simple observation proves the 
property (|C1[). 
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